Linear guided wave based methods have been proposed to measure the axial load of continuously welded rail (CWR) in service. The underlying principle is that the propagation velocities of excited guided waves are sensitive to the axial load. However, the in-service CWR inevitably faces changes in rail wear and temperature, which also affects the propagating guided waves and results in severe degradation of existing methods. In this paper, we proposed the IGA-IWLS algorithm to estimate the axial load of in-service CWR using multiple guided wave modes. This novel load estimation method takes rail profile and phase velocities of a small set of wave modes as input, then uses an improved genetic algorithm to roughly search the candidate solutions of axial load and Young's modulus, and finally employs weighted least squares algorithm to iteratively converge to the estimated value of axial load. The paper presents the estimation theory in detail, including selection of the optimal set of guided wave modes and the IGA-IWLS algorithm. Numerical experiments show that the proposed method is able to estimate the axial load of CWR with an accuracy less than 2 MPa and is robust to measurement error and model error.
I. INTRODUCTION
Continuously welded rail (CWR) is widely used in modern railways. Due to the absence of the expansion joints, thermal expansions and contractions in CWR are constrained, resulting in large longitudinal stress when the temperature of CWR is different from the neutral temperature (NT), i.e., the temperature corresponding to the zero stress in CWR. In cold weather, large tensile load will accelerate the ageing of the rail and may even lead to the rail breakage. In hot weather, large compressive load may lead to the rail buckling. Thus, it is important to monitor the longitudinal load in CWR and make it in a suitable range. Theoretically, the value of the constrained load can be estimated with P = αEA(T − T 0 ), where α is the coefficient of thermal expansion, E is Young's modulus, A is the cross-sectional area, T and T 0 are rail temperature and NT respectively [1] . Unfortunately, NT changes The associate editor coordinating the review of this manuscript and approving it for publication was Jenny Mahoney. during years of service, due to a variety of reasons, e.g., rail uneven crawling, changes in rail geometrical shape and track repair/maintenance work. Many measurement techniques have been proposed for the stress measurement and reviews could be found in, e.g., Ref. [2] . The strain gauge provides an easily applicable approach to measure the relative stress. However, it can only measure the surface strain and require the knowledge of the initial value to get an absolute stress. X-ray diffraction can measure absolute stress, but the penetration depth is limited to tens of microns. Magnetic hysteresis is similarly dependent on surface properties and only reflects the residual stress of rail surface. Rail-uplift method needs to release the fasteners of rail for about 30 m in length and the measurement process is cumbersome and will interfere the railway operation [3] . Vibration techniques have also been proposed based on the change of resonant frequencies influenced by the axial load [4] . Damijanovic and Weaver [5] used scanning laser vibrometry technique to measure the wavenumber of the spatial distribution of vibration amplitude in response to imposed dynamic loads at a frequency of 200 Hz. This method also requires that the rail of scan region should be released from the sleepers. The traditional ultrasonic bulk wave can measure the stress level of the insonified area based on the ultrasonic acoustic-elasticity [6] . However, it can only reliably measure the residual stress of rail surface and is not sensitive to the longitudinal thermal stress.
Guided waves also have been proposed to measure the load in components and structures. Due to the fact that guided waves can propagate through the whole cross section of rail, it is more sensitive to the longitudinal thermal stress. Chen and Wilcox [7] investigated the effect of load on guided wave propagation characteristics including phase velocity and group velocity using the finite element method. The simulation results demonstrate that both of the phase velocity and group velocity are sensitive to load. Chaki and Bourse [8] , [9] developed an ultrasonic guided wave method for monitoring the stress level in pre-stressed steel strands, based on the acoustic-elasticity theory. Loveday [10] , [11] proposed a semi-analytical finite element (SAFE) model of loaded CWR to analyse the influence of axial load and Young's modulus on the guided wave propagation characteristics. The wavelength is an order of magnitude more sensitive to elastic modulus changes than axial loads due to temperature changes.
For in-service CWR, the accuracies of guided wave based methods is severely affected by rail temperature fluctuation, material degradation and rail wearing that influence the propagation of ultrasonic guided waves. Konstantinides et al. [12] experimentally observed that temperature changes result in shifts in lamb wave propagating times in plate. These effects were explained by shifts in the wave dispersion curves due to thermal expansion and elastic properties of the plate. Lu and Michaels [13] and Michaels and Michaels [14] also observed the changes in time of flight of lamb waves due to thermal expansion and Young's modulus of the substrate. For in-service rail, the elastic modulus of material is not an accurately known constant because of temperature fluctuation, material degradation, and differences in rail materials of different railway lines. Rail profile also changes over time due to rail wear or rail grinding. Therefore, the axial load measuring method, based on guided wave propagation, needs to consider these effects to achieve the required accuracy (typically desired accuracy is ±5 MPa), which has not well investigated.
Theoretically, one has to measure the elastic modulus, rail profile, and the phase or group velocity of at least one propagating mode of rail guided waves to estimate the load using a pre-calibrated formula. To make this process easier in practice, we propose a multimodal guided wave method to estimate the axial load of in-service rail without the need of measuring the elastic modulus. This novel load estimation method only needs to measure the phase velocities of four guided wave modes and rail profile. Because regular measurement of rail profile has been a common practice in modern railways and changes in rail profile are relatively slow, the proposed method is feasible in practice.
The rest of the paper is organized as follows: Section II introduces the estimation problem and outline the proposed method. Section III investigates the influence of axial load, Young's modulus and rail wear to the phase velocity, and presents how to select an optimal set of guided wave modes to estimate the load. Section IV presents the proposed estimation method in detail and Section V provides numerical simulations to validate the proposed method. In the end, Section VI draws the conclusion.
II. THE PROPOSED METHOD A. PROBLEM FORMULATION
The axial load in CWR, as well as Young's modulus of material varies with the rail temperature. Here we use a high-speed rail line from Tianjin to Baoding, China, as an example to show the typical ranges of these factors. For Tianjin-Baoding line, the rail temperature can reach 60 • C in summer and −20 • in winter and the NT is set at 20 • C. The CWR with CHN60 rail profile and U71Mn steel (with Young's modulus, 215 GPa, Poisson's ratio υ = 0.3, and density ρ = 7800kg · m −3 at 0 • C) is used. The axial load in the rail may change about 2.5 MPa as the temperature changes by 1 • C, so the range of axial loads in a year is from −100 MPa to 100 MPa. Lots of theoretical and experimental research have been carried out about the relationship between Young's modulus of metal materials and temperature [15] - [17] . In general, Young's modulus increases as temperature decreases. For the instance of U71Mn steel, Young's modulus is 215 GPa at 0 • C and 218 GPa at −60 • , and 1 • C change in temperature will result in 0.05 GPa change in Young's modulus [18] . Therefore, for the Tianjin-Baoding line, the range of Young's modulus is from 212 GPa to 216 GPa. The axial load estimation is also affected by rail wear. There are two main parameters quantifying rail wear, i.e., side wear and vertical wear. According to railway regulations [19] , side wear is measured at 16 mm below the top surface of the standard rail cross section, and vertical wear is measured at one third of the width of the top surface to the standard working side of the rail, as shown in Fig. 1 . The sum of the vertical wear and half of the side wear is also called the total wear. According to the acoustoelastic effect of ultrasonic waves [20] , [21] , the phase velocity of single guided wave mode can be expressed as a function of axial load σ and Young's modulus E with a given rail profile J :
where a and b represent the sensitivities of phase velocity to axial load and Young's modulus respectively, and η is a wave mode dependent constant.
To estimate the axial load with single wave mode using Equation (1), one needs to measure both of the phase velocity of the wave mode and Young's modulus of the rail. In addition, a, b and η have to be obtained in advance from calibration experiments, which is difficult and tedious because both of axial load and Young's modulus need to be set to different values in the calibration process.
B. NOVEL ESTIMATION METHOD BASED ON SAFE MODEL OF CWR
In this paper, we propose a novel method to estimate axial load without the exact knowledge of Young's modulus. The procedure is illustrated in Fig. 2 , where the profile of in-service rail can be measured using 2D laser scanning sensors or other equipment, and phase velocities of multiple wave modes can be obtained by using phase array transducer or laser vibrometer and two dimensional Fast Fourier Transformation (2D-FFT) technique.
Using the measured rail profile, we first establish the SAFE model of CWR that can estimate the theoretical values of phase velocities of wave modes, if axial load and Young's modulus are known. Then we start from initial values and search the solution space of axial load and Young's modulus to minimize the sum of squared errors between the measured and theoretically predicted phase velocities:
where c pi is the measured value of phase velocity,c pi is the theoretical phase velocity obtained by the SAFE, w i is the weight of the i-th wave mode, and N is the total number of wave modes used in the estimation process. The weight of each mode can be decided by the axial load sensitivity:
Because we are interested in estimating the axial load, the axial load sensitivity a i is used here.
In the next three sections, we will show how to select a small and optimal set of wave modes, how to search the solution space, and whether the proposed algorithm is robust to errors of SAFE model and phase velocity measurements.
III. WAVE MODE ANALYSIS AND SELECTION A. THEORETICAL ANALYSIS OF WAVE MODE SENSITIVITIES
Dispersion curves provide the basic information of guided wave propagation and are essential for the mode analysis on the influences of axial load, Young's modulus and rail wear. There are mainly two approaches to obtain the dispersion curves of CWR: finite element (FE) method and semi-analytical finite element (SAFE) method. A variety of commercial software, e.g., ANSYS, ABAQUS and COM-SOL Multiphysics, can provide general-purpose FE codes. The FE-based methods utilize a three-dimensional model of rail, which is tedious and very difficult at high frequencies [7] . The SAFE method uses a two-dimensional mesh of the cross section of the infinitely long waveguide and the propagating wave is treated as harmonic wave along the propagating direction. The SAFE method is further extended to include the presence of an axial load [10] and has been widely used by many research groups to investigate various wave propagation problems [22] - [27] . Compared with pure FE, SAFE is very efficient and can get better accuracy with less computational cost, especially for the waveguides like rail and pipe. Therefore, this paper uses SAFE model of CWR in mode analysis and also axial load estimation.
The cross section of CWR is defined as x − y plane and guided waves propagates along the z direction, as shown in Fig. 3 .
The displacement, stress and strain can be written as According to the theory of elasticity, the straindisplacement formulation [28] is
where
The stress vector σ can be written by the stress-strain relation as σ = Cε (7) where C is the elastic coefficient matrix. For elastic isotropic material, elastic coefficient matrix can be represented as
λ and µ are the Lame's constant, E is the Young's modulus, υ is the Poisson's ratio. For anisotropic material, a different Matrix C in Equation (7) has to be used [29] .
The virtual work principle yields governing equations for the stress-free rail,
where superscript T indicates transposed or Hermitian matrix, ρ is the mass density,• indicates the second derivative with respect to time t, and V • dV indicates the volume integration of the element. The first term and second term are the increments of strain energy and kinetic energy, respectively. The rail cross section is subdivided into quadratic elements as shown in Fig. 4 . The displacement field in the longitudinal direction is obtained by the orthogonal function exp (iξ z):
where N(x, y) is the shape function matrix, q (e) is the nodal displacements of element in the x, y and z directions,
Substituting Equation (12) into Equation (5) results in:
Substituting Equation (7), Equation (12) and Equation (15) into Equation (11) yields [22] , [23] :
where K (e)
2 are the element stiffness matrix contains Young's modulus E, M (e) is the mass matrix, ξ is VOLUME 7, 2019 the wavenumber, ω is the angular frequency and q (e) is the displacement matrix, and e is the cross-sectional domain,
Applying to Equation (17) standard finite element assembling procedures:
where n e is the total number of cross-sectional elements. The general wave equation is finally obtained
Introduce a transformation diagonal matrix T to eliminate the imaginary unit in Equation (23):
A new eigenvalue equation is obtained:
and U = TQ. In addition, Equation (23) can be extended to include axial loads [9] 
and
Equation (26) can be solved as a polynomial eigenvalue problem in ξ with a given frequency ω or solved as a linear generalized eigenvalue problem in ω with a given wavenumber ξ . Both of the solutions can provide us with the dispersion characteristics of wave modes, i.e., phase velocity and group velocity versus frequency. The dispersion curves of CHN60 rail for phase velocity and group velocity are shown in Fig. 5 , where different colours represents different wave modes. The wave governing equation can be rewritten as follows from Equation (26) G
For arbitrary guided wave mode at a constant frequency, the derivatives of function G with respect to the axial load and wavenumber are:
The sensitivity of the phase velocity to changes in axial load can be obtained with Equation (29), Equation (30) and c p = ω/ξ :
In a similar way, the sensitivity of the phase velocity to changes in Young's modulus can be obtained:
The investigated range of axial load is from −100 MPa to 100 MPa, where a negative value indicates tensile load and a positive value indicates compressive load. Fig. 6 shows the dispersion curves of phase velocity with axial loads of 0 MPa and 100MPa and the zoom-in figure shows the case of guided wave mode 3 around 35 kHz. Table 1 shows the phase velocity of twenty guided wave modes at 35 kHz with axial load levels of −100 MPa, 0 MPa and 100 MPa. The sensitivity to axial loads is obtained by using SAFE model. It can be found that phase velocity increases as compressive load increases and decreases as tensile load increases, and the sensitivity changes slightly for different wave modes.
C. THE EFFECT OF YOUNG'S MODULUS ON PHASE VELOCITY
The investigated range of Young's modulus is from 212 GPa to 216 GPa. Fig. 7 shows the dispersion curves of phase velocity with Young's modulus of 212 GPa and 216 GPa and zero axial load and the zoom-in figure shows the case of guided wave mode 3 around 35 kHz. Table 2 shows the phase velocity of wave modes at 35 kHz with Young's modulus of 212 GPa and 216 GPa, respectively. The sensitivity to Young's modulus is obtained by using SAFE model. It can be found that phase velocity increases as Young's modulus increases and the sensitivity increases as phase velocity increases. VOLUME 7, 2019 
D. THE EFFECT OF RAIL WEAR ON PHASE VELOCITY
In this paper, we select five worn rail profiles to analyse the changes in phase velocities of guided wave modes. All the five worn rail profiles are obtained by scanning the in-service rail using two-dimensional laser scanning sensors. Fig. 8 shows the shapes of the five worn rail profiles. The blue lines are the standard rail profiles and the red lines are the worn rail profiles. The markers indicate the key points in wear measurement. The detailed measurements of the five worn rail profiles are shown in Table 3 . Table 4 shows the phase velocity of twenty guided wave modes at 35 kHz. In the SAFE model for these results, Young's modulus of 214 GPa, Poisson's ratio of 0.3 and the axial loads of 0 MPa are used.
It can be found that the phase velocities of different wave modes show different sensitivities to rail wear. Compared with other wave modes, wave modes 1, 2, 3 and 11 are not For arbitrary guided wave mode, Equation (1) can be rewritten as
According to the error propagation theory, the estimation error of axial load can be obtained as
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We assume that the expectation of phase velocity and Young's modulus measuring error are 0.5 m/s and 0.05 GPa, respectively. The expectation of axial load estimation error of each mode can be obtained from Equation (35), and results are shown in Fig. 11 . It can be found that the axial load estimation error increases with the increment of phase velocity. Different wave modes show different response to the same rail wear, and one wave mode shows different response to different rail wears. Table 5 gives the variances of axial load estimate errors of the first fourteen wave modes under different rail wears. It can be found that the variances of mode numbered 1, 2, 3 and 11 are smaller than other modes. The results suggest that the modes propagating through rail web and rail foot are almost unaffected by rail wear in axial load estimation.
E. OPTIMAL SET OF MODES
Theoretically, all guided wave modes can be used to estimate axial loads. However, different wave modes need different care in exciting and receiving. There are three aspects that have to be taken into consideration in selecting an optimal set of wave modes for axial loads estimation of in-service rail. First, the mode should be sensitive to axial load. Second, the mode should be insensitive to the rail wear, which means a better applicability for various conditions of rail wear. Third, the mode should be easy to excite and receive to obtain a better signal-to-noise ratio and measuring accuracy of phase velocity.
According to the foregoing analysis in Section III, rail wear has a big influence on the phase velocities of guided wave modes that propagate mainly through rail head. The wave modes whose propagating area confined to rail foot and rail web are almost unaffected, such as modes 1, 2, 3, and 11. As shown in Fig. 11 and Table 5 , these modes also have smaller expected estimation errors and variances under different wears. In addition, the vibration shapes of these loworder guided wave modes are relatively simple and confined to a specific area, which is easy to excite and receive. On the contrary, higher order guided wave modes have complex vibration shapes and difficult to excite and receive. Therefore, we select a mode set consisting of modes 1, 2, 3 and 11 as the optimal set of modes. We also select wave modes 1, 3, 6 and 8 to form a comparison mode set in the latter studies. While wave modes 1 and 3 satisfy the criterion that all wave modes in the optimal set should propagate through rail web and/or rail foot, but modes 6 and 8 do not. Among all modes that do not satisfied the criterion, Modes 6 and 8 are selected because they are low order modes with low phase velocities and are more likely to be used in practice.
IV. NOVEL ESTIMATION METHOD USING MULTIPLE MODES AND SAFE MODEL OF CWR A. WEIGHTED LEAST SQUARES BASED ITERATIVE ESTIMATION ALGORITHM
To estimate the axial load without the knowledge of Young's modulus, one has to use multiple wave modes. In this case, Equation (1) can be rewritten as matrix form as:
where c p = c p1 , c p2 , · · · , c pn T , A = [a 1 , a 2 , · · · , a n ] T ,
Then both of the axial load and Young's modulus can be estimated from
Here we introduce the weighted least squares to make a better estimation of the axial load:
where W is a diagonal matrix whose value for each mode is decided by Equation (3).
According to the Equation (38), axial load can be estimated if phase velocity matrix and coefficient matrix are known. The coefficient matrix consists of axial load sensitivity and Young's modulus sensitivity to phase velocity and both of the sensitivities are related to the Young's modulus, as shown in Section III.A. Therefore, the unknown value of Young's modulus is needed in Equation (38) . Here we propose an iterative algorithm to solve this problem. In the beginning, initial values of Young's modulus and axial load are given. Then A, B, η and W can be obtained from SAFE model, and axial load and Young's modulus can be estimated using Equation (38) . The new estimation of Young's modulus and axial load are then updated into SAFE model to calculate a new set of A, B, η and W, and Equation (38) can produce new estimation again. This iterative process can be repeated until the output of Equation (38) does not change. If the initial value of Young's modulus is close to the real value, this iterative algorithm, named IWLS, is able to converge, as shown in numerical simulations of Section V. The flowchart of the IWLS method is shown in Fig. 12 . 
B. IGA-BASED NONLINEAR SEARCHING ALGORITHM
If the initial value of Young's modulus is not close to the real value, then the above linear searching algorithm may not converge and nonlinear random searching algorithm has to be used.
The simple genetic algorithm (SGA) is a gradient-free, stochastic-based optimization method that uses the idea of survival of the fitness and natural selection [30] , [31] . The SGA has the ability of searching in the global solution space, intrinsic implicit parallelism and good robustness. The SGA concurrently evaluates a set of solutions and converges towards more competitive solutions. The SGA is guided largely by the machinations of three operators: reproduction, crossover and mutation mechanisms. The reproduction mechanism guarantees to preserve good solutions during the optimization process. Retaining the good features of the parent is the main principle of the crossover mechanism. The mutation mechanism also helps avoid being trapped in local minima through randomly generating new solutions. The SGA provides a general framework for optimization problems of various types. A common problem found in SGA is premature convergence that a population for an optimization problem converged too early, resulting in suboptimal solutions.
In this paper, an improved genetic algorithm (IGA) is used to overcome the premature convergence problem in the axial load estimation. The real value encoding realizes the direct representations of the parameters. According to the multimodal axial load estimating method proposed in this paper, the fitness function is constructed by the weighted sum of the squared errors in phase velocities of selected guided wave modes:
where c pi is the measured value of phase velocity,c pi is the theoretical phase velocity obtained by the SAFE, w i is the weighting coefficient determined by Equation (3). The Stochastic Universal Sampling (SUS) and elitist preservation strategy are combined in selection operator [32] . Arithmetic crossover and the uniform mutation are used in the case of real-value encoding. Arithmetic crossover operator linearly combines two parent chromosomes. The probabilities of crossover and mutation are varied, depending on the relation between the average fitness value of the population and the maximum fitness value of the population. The adaptive probabilities of crossover and mutation improve the ability of preventing IGA from converging to a local optimum [33] .
The procedure of axial load estimation using IGA is summarized as follows:
Step 1: Measure the rail profile J and phase velocity matrix c pi of selected guided wave modes.
Step 2: Set the parameters in IGA and searching range, and then generate the initial population.
Step 3: For each individual in the population, obtain the phase velocity matrixc pi of selected guided wave modes with measured rail profile using SAFE model.
Step 4: Evaluate the fitness value of each individual using c pi andc pi . If the fitness value satisfies the stopping criterion, end the estimation process and output the optimal individual as the estimated axial load and Young's modulus. Otherwise, continue with the Step 5.
Step 5: Compare the fitness value of the optimal individual of current population with the optimal individual found so far. Preserve the optimal individual and copy it into the next population directly.
Step 6: Perform the arithmetic crossover and uniform mutation operation among the individuals except for the optimal individual. The new generation is made up of optimal individual and individuals after crossover and mutation. Then go to Step 3.
The flowchart of IGA method is illustrated in Fig. 13 . 
C. THE PROCEDURE OF IGA-IWLS ALGORITHM
Finally, we propose to combine the IWLS and IGA together to get a two-step algorithm, in which IGA gets a rough estimation of Young's modulus and then IWLS iteratively converges to real value. The flowchart of the proposed IGA-IWLS algorithm is illustrated in Fig. 14. First, measure the rail profile J and phase velocity matrix c pi of selected wave modes. Then, obtain the rough estimation of Young's modulus and axial load using IGA method. Set the estimation outputs of IGA method as the initial values of IWLS method. Then use IWLS method to iteratively converge to the final estimation of axial load and Young's modulus.
V. EXPERIMENTS
In the numerical experiments, we select wave modes 1, 2, 3 and 11 at 35 kHz as the optimal mode set to estimate axial load under different conditions. In addition, a mode set consisting of modes 1, 3, 6, 8 at 35 kHz is used for comparison with the optimal mode set.
In order to simulate the actual situation in field, measurement errors of rail profile and phase velocity are added to the real values. The measurement error of rail profile is simulated by a 0.6 mm (the accuracy of typical rail wear gauge) change from the real rail profile, as shown in Fig. 15 . Noise with a maximum amplitude of 0.5 m/s is added to the real phase velocity to simulate the phase velocity measurement error. The phase velocity calculated from the SAFE model of rail with correct elastic constants and axial loads is regarded as the real value.
In all numerical experiments, the rail is regarded as isotropic. In real applications, the Matrix C in Equation (7) of the rail under investigation should be measured in advance and substituted into the estimation algorithm, since the rail can be isotropic or anisotropic.
A. SINGLE MODE ESTIMATION METHOD
As shown in Section II, single wave mode-based method can use Equation (1) to estimate stress. The values of a, b and η can be obtained using SAFE model, then the axial load can be estimated using phase velocity of wave modes. We perform this estimation procedure ten times for each mode and the estimated axial loads are averaged over four wave modes. Table 6 shows the estimation results with the exact knowledge of Young's modulus. To simulate the condition of unknown Young's modulus in practical applications, an offset of 0.2 GPa (corresponding to about 4 • C change in temperature for U71Mn steel) is added to the value of Young's modulus in the estimation process, and the results are shown in Table 7 . The results shows that the single mode based method can achieve an accurate estimation with exact knowledge of Young's modulus. Without the exact knowledge of Young's modulus, then the estimation error becomes unacceptable. Worse estimation results are obtained by using modes 1, 3, 6 and 8, as shown in Table 8 and Table 9 .
B. IWLS METHOD
We choose the same setup of rail profile, axial load and Young's modulus in Section V.A to verify the effectiveness of the IWLS method. In the numerical simulation, the initial values of Young's modulus and axial load are given randomly in the ranges from 212 GPa to 216 GPa and from −100 MPa to 100 MPa respectively. The proposed IWLS method is able to coverage to an optimal value after about three interactions, as shown in Fig. 16 , where the estimated value of Young's modulus of five examples in each interaction are normalized to a range of 0.5-1.0. Obviously, the estimated Young's modulus coverages after three interactions. Table 10 shows the results with no errors in phase velocity and rail profile. Table 11 shows the results with a random noise of max amplitude of 0.5 m/s added to the phase velocities of selected modes. The estimating values are averaged over ten independent measurements. Table 12 shows the results with a 0.6 mm deviation in the vertical wear of rail profile. The estimating values are also averaged over ten measurements. Table 13 shows the results with noisy rail profile and noisy phase velocity using modes 1, 3, 6 and 8. It can be found that the proposed IWLS method has the property of fast convergence and is able to estimate the axial load for different rail profiles and Young's modulus. The IWLS method gives the exact value in ideal conditions with no measuring error in phase velocity and rail profile. The IWLS method can achieve an accuracy better than 6 MPa with noises on rail profile and phase velocity. The optimal mode set based method is robust to the measuring error of rail profile. Meanwhile, the mode set consisting of modes 1, 3, 6 and 8 gives much worse estimating results due to the measurement error in rail profile. 
C. IGA METHOD
The parameters used in IGA are listed in Table 14 . Table 15 shows the setups of five experiments on IGA. Table 16 shows the estimation results of axial load and Young's modulus using modes 1, 2, 3 and 11. Table 17 shows the results using modes 1, 3, 6 and 8 for comparison. The estimated values are also averaged over ten measurements. It can be found that the relative estimation error of axial load is larger than the one of Young's modulus. This is due to fact that phase velocity is more sensitive to Young's modulus than to axial load. Comparing Table 16 with Table 17 , one can also find that the performance of the optimal mode set with modes 1, 2, 3 and 11 is much better than the one of the comparison mode set with modes 1, 3, 6 and 8. It is also evident that, for the comparison mode set, estimation error in axial load grow faster than the one of Young's modulus. The main reason causing this phenomenon is that the sensitivity to axial load decreases faster than the one to Young's modulus for the comparison mode set. The convergence process of IGA method using the optimal mode set is shown in Figure 17 , where curves are examples under different CWR conditions in axial load, rail profile and Young's modulus. A bigger fitness value means a smaller weighted sum of phase velocity errors. It can be found that the proposed IGA method is able to coverage in twenty generations and the estimation error is less than 5 MPa. Compared with the wave mode set of modes 1, 3, 6 and 8, the optimal set of modes we selected shows a much better adaptability on different rail conditions.
D. IGA-IWLS METHOD
The procedure of IGA-IWLS method is presented in Section IV.C. When applying the IGA-IWLS method, the generations of IGA is set as five and other parameters remain unchanged. Table 18 and Table 19 show the estimation results of IGA-IWLS methods using different wave mode sets. The IGA-IWLS can achieve a better accuracy than IGA method.
The proposed IWLS, IGA and IGA-IWLS methods need to solve the eigenvalue problem to obtain the phase velocity and other data. For the case of IWLS method, it needs to solve the eigenvalue problem for at least three times to finish the estimation. The number of times of solving the eigenvalue problem for IGA and IGA-IWLS is about 400 and 100, respectively. In this paper, all the numerical experiments are performed with a computer of Intel E5-2699 V4 CPU and 16GB RAM. The IGA needs about four hours to obtain an estimation of axial load, while the IWLS method only needs five minutes and the IGA-IWLS needs one hour. If considering both of the estimation error and computation time among these proposed methods, IGA-IWLS is the best choice. The ultimate purpose for axial load estimation is to figure out the neutral temperature, which changes very slowly in practice. For example, the NT of a new CWR may change about 7 degrees in a year and the estimation accuracy of 2 degrees, or equivalently 5 MPa in axial load, is acceptable for railway maintenance. Thus, the axial load estimation does not need real-time processing and estimation delay in hours is acceptable.
VI. CONCLUSIONS AND DISCUSSIONS
In this paper, the CWR axial load estimation method based on guided waves is studied. In order to eliminate the influence of uncertainty in Young's modulus of CWR, a new algorithm, named IGA-IWLS, is proposed to estimate both of the axial load and Young's modulus using multiple guided waves. With the help of the SAFE method, we investigate the effects of axial loads, Young's modulus and rail wear on the phase velocities of propagating modes and propose a criterion to find the optimal set of guided waves.
In practical applications, angle beam transducers, comb transducers or phased array transducer can be used to excite the selected wave modes [34] - [37] To get better signal-tonoise ratio for waveguides with complex cross section like rail, one may employ an array of independently controlled transducer elements surrounding the perimeter of rail. Being directionally selective in the excitation and detection based on the mode shapes of the guided wave modes of interest, the transducer can excite the specific single wave mode only [38] . In a recent study [39] , an easier way using single transducer is proposed to enhance desired wave modes in rail by a careful section of excitation direction and position.
In numerical verifications, we simulate the uncertainties that may be encountered in real applications, including measurement errors of up to 0.5 m/s in phase velocities, mismatch between rail model used in the proposed algorithm and the one generating the measurement data. Phase array sensor and 2D-FFT can be used to measure the phase velocity. It has been shown that a secondary weighted correction method for 2D-FFT can achieve the accuracy of 0.5m/s [40] , [41] . Measurement accuracy can be further improved by averaging over multiple measurements. Our numerical verifications also show that the two-step IGA-IWLS method proposed in this paper achieves a good balance between accuracy and computation time, and the optimal mode set is helpful for the robustness of the method to model uncertainties and different rail conditions. XIANGYU DUAN received the master's degree from Beijing Jiaotong University, in 2014, where he is currently pursuing the Ph.D. degree with the School of Mechanical, Electronic and Control Engineering. His current research interest includes testing technology for high-speed railway infrastructure.
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